Control Barrier Functions: Theory Overview
and Design Using Dynamic Safety Margins

Victor Freire

EuroGNC 2026, Madrid

May 4, 2026

@' University of Colorado
Boulder



Introduction

Victor Freire
Slide 2




Introduction

Stability

Essentially solved

Victor Freire

Slide 3




Introduction

Stability Safety
Essentially solved Under study
(Workshop)

Victor Freire

Slide 4




Introduction

Constrained Control

* Model Predictive Control
Full control law redesign
High computational cost

Victor Freire

Slide 5




Introduction

Constrained Control

* Model Predictive Control
Full control law redesign
High computational cost

 Safety Filters
Keep legacy controller
Lower computational cost

Victor Freire

Slide 6




Introduction

Safety Filters

Family of constrained controllers that use a two-step approach:

Victor Freire

Slide 7



Introduction

Safety Filters

Family of constrained controllers that use a two-step approach:

1. Design a control law for the Unconstrained system,

n | Nominal Un X Svstemn X
Controller Y

Victor Freire

Slide 8



Introduction

Safety Filters

Family of constrained controllers that use a two-step approach:
1. Design a control law for the Unconstrained system,

2. Introduce an Add-on unit for constraint enforcement.
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Introduction

Safety Filters

Family of constrained controllers that use a two-step approach:
1. Design a control law for the Unconstrained system,
2. Introduce an Add-on unit for constraint enforcement.

*  Control Barrier Function: Filter nominal controller
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Safety and Invariance

/Problem: Constrained Control\ Quadcopter Dynamics
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Safety and Invariance

/Problem: Constrained Control\ F-16 Pitch Dynamics

Given a control-affine system X = [6 0 aw] !

x(t) = f(x(t)) + g (x(t))u(t) u= [5e 5f]T

\_ J
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Safety and Invariance

Given a control-affine system

X(t) = f(x(®)) + g(x(t))u?)

&

/Problem: Constrained Control\

/

F-16 Pitch Dynamics
X = [6 0 aw]T
u=[o of|
fx)=Ax g(x)=B

0
A =10
0
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Safety and Invariance

Given a control-affine system

X(t) = f(x(®)) + g(x(t))u?)

and constraints
XCcR" U cCcR™,

&

/Problem: Constrained Control\

/

Gy

F-16 Pitch Dynamics
X = [6 0 aw]T
u=[o of|
fx)=Ax g(x)=B

Pitch pointing constraint
X ={x € R’ | |ay| < 4 deg}

Control surface deflection limits
U ={u e R*| |6, <25deg,|6f| <20 deg}
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Safety and Invariance

/Problem: Constrained Control\

Given a control-affine system

X(t) = f(x(®)) + g(x(t))u?)
and constraints
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find a signal u : [0, 0) — U
\such that x(t) € X forall t > 0./
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Safety and Invariance

/Problem: Constrained Control\

Given a control-affine system

X(t) = f(x(®)) + g(x(t))u?)
and constraints
XCcR" U cCcR™,
find a signal u : [0, 0) — U
\such that x(t) € X forall t > 0./

Bonus: Trajectory x(t) achieves goal.

(Performance)
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Safety and Invariance

/Problem: Constrained Control\

Given a control-affine system

X(t) = f(x(®)) + g(x(t))u?)
and constraints
XCcR" U cCcR™,
find a signal u : [0, 0) — U
\such that x(t) € X forall t > 0./

Is there a solution?

Victor Freire
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Safety and Invariance

/Problem: Constrained Contr% Definition: Control Invariance
Given a control-affine system
() = f(x(t) + g (x(t))u(t) X
and constraints
XcR" U cCcR™, X is control invariant if for any initial
find a signal u : [0, 0) — U condition xg € X, there exists a signal
\such that x(t) € X forall t > O./ u :|0,00) — U such that x(t) € X.

Solution exists if X is control invariant.

Blanchini, Automatica 1999 Victor Freire
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Safety and Invariance

/Problem: Constrained Contr(h Definition: Control Invariance
Given a control-affine system x(t)
£(8) = f(x(8) + g (x()u(t) X x
and constraints
X cR", U cCR"”, X is control invariant if for any initial
find a signal u : [0, 0) — U condition xg € X, there exists a signal
\such that x(t) € X forall t > O./ u :|0,00) — U such that x(t) € X.

What if X is not
control invariant?
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Safety and Invariance

/Problem: Constrained Contr% Definition: Control Invariance

Given a control-affine system

X(t) = f(x(®)) + g(x(t))u?)

and constraints

X cR", U cCR", is control invariant if for any initial
find a signal u : [0, 0) — U condition xp € C, there exists a signal
\such that x(t) € X forall t > 0./ u :[0,00) —> U such that x(t) €

A set C is admissible if C C X.

Solution exists if there exists C control

invariant and admissible (i.e., safe). @

Blanchini, Automatica 1999 Victor Freire
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Safety and Invariance

Theorem: Nagumo (simplified) Definition: Control Invariance

Let i : R"™ — R be continuously dif-
ferentiable with regular value 0. The set
= {x € R" | h(x) > 0},
is control invariant if and only if is control invariant if for any initial
Vx €dC, Jue U, Lih(x)+ Loh(x)u > 0. condition xg € C, there exists a signal
u :|0,00) — U such that x(t) €

@ Nagumo, Phys.-Math. Soc. [pn. 1942 Victor Freire
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4 Theorem: Nagumo (simplified) )
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Safety and Invariance

4 Theorem: Nagumo (simplified) )

Let i : R"™ — R be continuously dif-
ferentiable with regular value 0. The set
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4 Theorem: Nagumo (simplified) )

Let i : R"™ — R be continuously dif-
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Safety and Invariance

4 Theorem: Nagumo (simplified) )

Let i : R"™ — R be continuously dif-

ferentiable with regular value 0. The set
C={xeR"| h(x) > 0}, h(x)=0

is control invariant if and only if

Vx € dC,|Ju € U, Lrh(x)+ Lgh(x)u > 0.

\ —

“Lie derivatives” (Notation)

Leh(x) 2 9 f(x)  Lgh(x) £ g(x)

dC

Lrh(x)+ Loh(x)u = g—Zf(x) + g—Zg(x)u
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Safety and Invariance

4 Theorem: Nagumo (simplified) )

Let i : R"™ — R be continuously dif-

ferentiable with regular value 0. The set
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Safety and Invariance

4 Theorem: Nagumo (simplified) )

Let i : R"™ — R be continuously dif-

ferentiable with regular value 0. The set
C={xeR"| h(x) > 0},

is control invariant if and only if

Vx Eu €U, Lrh(x) + Loh(x)u

\ Measure-zero.

Difficult to check numerically.

dC

=
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Safety and Invariance

4 Theorem: Nagumo (simplified) )

Let i : R"™ — R be continuously dif-

ferentiable with regular value 0. The set
C={xeR"| h(x) > 0},

is control invariant if and only if

Vx E JueU, Lih(x) + Loh(x)u

\

=

p
Theorem: CBF Condition (2017)

\Vx eC, Juel, th(x)+Lgh(x)u—|—a(h(x))

> 0.
J

@ Ames, Xu, Grizzle, Tabuada, TAC 2017

dC

Victor Freire

Slide 40



Index

s Introduction

“* Workshop Timeline

“* Safety and Invariance

+* Control Barrier Functions

“* CBF-based Safety Filter

“* Example: Safety Filter for F-16
“* My Work: DSMs are CBFs

Victor Freire

Slide 41



Control Barrier Functions (CBFs)

Definition: CBF
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Control Barrier Functions (CBFs)

Definition: CBF

Candidate CBF
A smooth function i : R" —- R Ii(x) > 0
such that C = {x € R" | h(x) > 0} o hix) =0

) h(x) <0

@ Ames, Xu, Grizzle, Tabuada, TAC 2017 Victor Freire
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Control Barrier Functions (CBFs)

Definition: CBF

Candidate CBF
A smooth function 7 : R” - R
such that C = {x € R" | h(x) > 0}

CBF Condition
There exists a € K such that

Vx €C, JueU, hix,u)+a(h(x)) =0,
where hi(x, u) = Lrh(x) + Loh(x)u.

@ Ames, Xu, Grizzle, Tabuada, TAC 2017 Victor Freire
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Candidate CBF
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- a €K1
VxeC, JueU, hix,u)+a(h(x)) >0, . cOonHNUOUS
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Definition: CBF

Candidate CBF
A smooth function 7 : R” - R
such that C = {x € R" | h(x) > 0}

CBF Condition
There exists a € K such that
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Control Barrier Functions (CBFs)

Definition: CBF

Candidate CBF
A smooth function 7 : R” - R
such that C = {x € R" | h(x) > 0}

CBF Condition
There exists a € K such that

Vxe(C, JueU, fz(x,u)+a(h(x)) >0, xe€dC = h(x)=0
where h(x,u) = Lrh(x) + Loh(x)u.
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Candidate CBF
A smooth function 7 : R” - R
such that C = {x € R" | h(x) > 0}
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Control Barrier Functions (CBFs)

Definition: CBF

Candidate CBF
A smooth function i : R" —- R
such that C = {x € R" | h(x) > 0}

CBF Condition
There exists a € K such that

VxeC, uel, fz(x,u)+0m >0,
where h(x,u) = Lrh(x) + Loh(x)u.

Theorem: Nagumo (simplified)

Let h : R" — R be continuously dif-

ferentiable with regular value 0. The set
={x e R" | h(x) > 0},

is control invariant if and only if

Vx €dC, JueU, Lrh(x)+ Loh(x)u > 0.

x€dC = h(x)=0 = a(h(x))=0

Victor Freire

@ Ames, Xu, Grizzle, Tabuada, TAC 2017

Ames, Coogan, Egerstedt, Notomista, Sreenath, Tabuada, ECC 2019 (survey)
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Control Barrier Functions (CBFs)

Theorem: CBF Condition (2017)

If 1 is a CBF, then C is control invariant.

Definition: CBF

Candidate CBF
A smooth function i : R" —- R
such that C = {x € R" | h(x) > 0}

CBF Condition
There exists a € K such that

Vx €C, JueU, hix,u)+a(h(x)) =0,
where hi(x, u) = Lrh(x) + Loh(x)u.
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Control Barrier Functions (CBFs)

Theorem: CBF Condition (2017)

If 1 is a CBF, then C is control invariant.

Definition: CBF

Candidate CBF
A smooth function i : R" —- R
such that C = {x € R" | h(x) > 0}

CBF Condition
There exists a € K such that

: What about the other direction?
VxeC, JuecU, h(x, u)+a(h(x)) > 0, If C is control invariant, then h is a CBE.

where h(x,u) = Lrh(x) + Loh(x)u.

@ Ames, Xu, Grizzle, Tabuada, TAC 2017 Victor Freire
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Control Barrier Functions (CBFs)

Theorem: CBF Condition (2017)

If 1 is a CBF, then C is control invariant.

Definition: CBF

Candidate CBF
A smooth function 7 : R” - R

such that C = {x € R" | h(x) > 0} Theorem: CBF Condition (2017)

CBF Condition
There exists a € K such that

VxeC, Juedl, fz(x,u)+a(h(x)) >0, I
where h(x,u) = Lrh(x) + Loh(x)u.

is control invariant, then % is a CBF.

@ Ames, Xu, Grizzle, Tabuada, TAC 2017 Victor Freire

Ames, Coogan, Egerstedt, Notomista, Sreenath, Tabuada, ECC 2019 (survey) Slide 54



Control Barrier Functions (CBFs)

Definition: CBF /Problem: Constrained Control\

Given a control-affine system

x(t) = f(x(t)) + g(x(t))u(t)
and constraints

XcR" UcCR",

o find a signal u : [0, 0) = U
CBF Condition such that x(t) € X for all t > 0.
There exists a € K such that \ /
VxeC, uel, fz(x, u)+a(h(x)) >0, Solution exists if there exists C control
invariant and admissible (i.e., safe).

Candidate CBF
A smooth function i : R" —- R
such that C = {x € R" | h(x) > 0}

where h(x,u) = Lrh(x) + Loh(x)u.

Victor Freire
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Control Barrier Functions (CBFs)

Definition: CBF /Problem: Constrained Control\

Given a control-affine system

x(t) = f(x(t)) + g(x(t))u(t)
and constraints
XcR" UcCR",
find a signal u : [0, 0) = U

CBF Condition such that x(t) € X for all t > 0.
There exists a € K such that \ /

Vx €C, JueU, hix,u)+a(h(x)) =0, Solution exists if there exists a CBF h
such that C = {x € R" | h(x) > 0} c X.

Candidate CBF
A smooth function i : R" —- R
such that C = {x € R" | h(x) > 0}

where h(x,u) = Lrh(x) + Loh(x)u.
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Control Barrier Functions (CBFs)

Definition: CBF /Problem: Constrained Control\

Given a control-affine system

x(t) = f(x(t)) + g(x(t))u(t)
and constraints
XcR" UcCR",
find a signal u : [0, 0) = U

CBF Condition such that x(¢) € X forall t > 0.
There exists a € K such that \ () B /

Vx €C, JueU, hix,u)+a(h(x)) =0, Solution exists if there exists a CBF h
such that C = {x € R" | h(x) > 0} c X.

Candidate CBF
A smooth function i : R" —- R
such that C = {x € R" | h(x) > 0}

where h(x,u) = Lrh(x) + Loh(x)u.

Given a CBF 1, how to find a solution u(t)?

Victor Freire
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CBF-based Safety Filter

Safety Filters

Family of constrained controllers that use a two-step approach:
1. Design a control law for the Unconstrained system,
2. Introduce an Add-on unit for constraint enforcement.

*  Control Barrier Function: Filter nominal controller

T . x(x) Un | CBF 2 f(x)+ g(x)u r

Victor Freire
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CBF-based Safety Filter

: @ e )
Safety Filters CBF-based Safety Filter
. 2
Family of constrained controllers that use a two-step approach: {21{} oz = ()]
1. Design a control law for the Unconstrained system, 9 s.t. h( X, u)+a (h(x)) > 0/

2. Introduce an Add-on unit for constraint enforcement.

*  Control Barrier Function: Filter nominal controller

fx) + gx)u

Victor Freire
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CBF-based Safety Filter

. 2
min Uu—xK\x
min u — ()|

s.t.  Lyh(x)+ Leh(x)u > —a(h(x))

Victor Freire
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CBF-based Safety Filter

Optimization Problem (Program)

min  |lu — x(x)| Find the vector u € U that
uet % minimizes ||u — x(x)||* subject to
s.t.  Lyh(x)+ Leh(x)u > —a(h(x)) Leh(x)+ Loh(x)u > —a(h(x)).

Victor Freire
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CBF-based Safety Filter

min
ucel

S.t.

Optimization Problem (Program)

lu ()

> —a(h(x))

Given x, these terms are constant.

1

Find the vector u € U that
minimizes ||u — x(x)||* subject to
Lih(x)+ Loh(x)u > —a(h(x)).

Victor Freire
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CBF-based Safety Filter

min
ucel

S.t.

Optimization Problem (Program)

lu ()

> —a(h(x))

Given x, these terms are constant.

If

is polyhedral

1

={u | Mu < b},

Find the vector u € U that
minimizes ||u — x(x)||* subject to
Lih(x)+ Loh(x)u > —a(h(x)).

then the safety filter is a quadratic program (QP).

Victor Freire
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CBF-based Safety Filter

min
ucel

S.t.

Optimization Problem (Program)

lu ()

> —a(h(x))

Given x, these terms are constant.

If

is polyhedral

1

={u | Mu < b},
then the safety filter is a quadratic program (QP).

Find the vector u € U that

minimizes ||u — x(x)||* subject to

Lih(x)+ Loh(x)u > —a(h(x)).
Commercial QP Solvers

MOSeK & GuR08!

Victor Freire
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CBF-based Safety Filter

Optimization Problem

. 2
min Uu—xK\x
min u — ()|

s.t.  Lyh(x)+ Leh(x)u > —a(h(x))

Is there a solution?
(feasibility)

Victor Freire

Slide 66



CBF-based Safety Filter

Optimization Problem

. 2
min Uu—xK\x
min u — ()|

s.t.  Lyh(x)+ Leh(x)u > —a(h(x))

" Theorem: CBF Safety Filter :

If 11 is a CBF, then the CBF-based safety
\ﬁlter is feasible for all x € C. P

@ Ames, Xu, Grizzle, Tabuada, TAC 2017 Victor Freire
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CBF-based Safety Filter

Optimization Problem Definition: CBF

: 2
=, e = () Candidate CBF

A smooth function 7 : R" —» R
t. Lrh(x)+L,h > —alh
” phix) + Leh(xu @(h(x)) such that C = {x € R" | h(x) > 0}

4 : )
Theorem: CBF Safety Filter CBF Condition

If 11 is a CBF, then the CBF-based safety \ There exists & € X .SUCh that
ilter is feasible for all x € C. P VxeC, JueU, hix,u)+a(h(x)) >0,

where hi(x,u) = Leh(x)+ Loh(x)u.

@ Ames, Xu, Grizzle, Tabuada, TAC 2017 Victor Freire
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CBF-based Safety Filter

Safety Filters
1. Design a control law for the Unconstrained system, @
/
Safety violation
Unsafe K(x) )+ g =

Victor Freire
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CBF-based Safety Filter

Safety Filters

1. Design a control law for the Unconstrained system,

2. Introduce an Add-on unit for constraint enforcement.

- 2
min U —K\Xx
min [ — (x)|

st. Lfh(x)+ Loh(x)u > —a(h(x))

~_

Safe K (x) {CBF fx) + g(x)u

Victor Freire
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CBF-based Safety Filter

Safety Filters

1. Design a control law for the Unconstrained system,

2. Introduce an Add-on unit for constraint enforcement.

. 2
min U —K\Xx
min [ — (x)|

st L) + Lehu = —a(h)| [ How to find a CBE h(x)?

~_

Safe K (x) JCBE | f(x)+¢(x)u =

Victor Freire
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Index

s Introduction

“* Workshop Timeline

“* Safety and Invariance

s* Control Barrier Functions

“* CBF-based Safety Filter

< Example: Safety Filter for F-16
“* My Work: DSMs are CBFs

Victor Freire
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Example: Safety Filter for F-16

F-16 Pitch Dynamics
x=[0 0 ay]
u= [0 o]

f(x)=Ax g(x)=B

0 1 0 | 0 0
A=10 -087 4322| B=1|-1725 -1.58
0 099 -1.34 | -0.17  —0.25

O pitch  ay angle of attack ~ d,, 6 ¢ control surfaces

Victor Freire
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Example: Safety Filter for F-16

F-16 Pitch Dynamics

0 1 0 . ) x=160 6 aw 6. Of

0 -0.87 43.22 ||-17.25 -1.58 U= [6630 5f,c]
A=/0 099 -1.34|-0.17 -0.25 f(x) = Ax g(x) =B

0 0 0 —20 0

0 0 0 0 ~20 |

‘0 0 0 1 0 0 0

0 0 Actuator Inner-loo A=10 =087 43.22| B=||-17.25 -1.58
s-lo o p P 0 099 -134 -0.17 -0.25

irst-order lag)
200 200 O pitch  ay angle of attack ~ d,, 6 ¢ control surfaces

Victor Freire

Slide 74



Example: Safety Filter for F-16

of F-16 Pitch Dynamics
i x=[0 0 ay 6. O
= [0cc Ofc]

%4:Flight path angle

O L 1 1

- | Angle of attack Cruise: 0 =2, y =0

= ° Elevator

< | Flaperon

| | | | | | | | J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
S

Victor Freire
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Example: Safety Filter for F-16

J

10l
< | Pitch

@ Cruise

“* Fligh

t path angle

-, Angle of attack

= " Elevator

0 0.1

< | Flaperon

1
0.2

l
0.3

I
0.4

1
0.6

I
0.7

I
0.8

L
0.9

J
1

Gy

|
0.5
t(s

F-16 Pitch Dynamics

u = [6e,c 5f,c]

Cruise: 6 =2,

x=[0 0 ayp 6. Of]

Victor Freire
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Example: Safety Filter for F-16

___________________________________________________________________________ ~ F-16 Pitch Dynamics y
§5_PitCh X = [8 9’ Qo 68 6f:| _ o
32 ———————————————————————————————————————————————————————————————————————————————————————— u = [6e,c 5f,c]

—————= Climb |_

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Cruise: 0 =2, y =0

) l Goal

%_ZOElevlatorj S (Climb:0=9, y=6.5

< | Flaperon

| | | | | | | | | J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
S

Victor Freire
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Example: Safety Filter for F-16

... F-16 Pitch Dynamics
Cruise X = [8 9 Ay 68 6f] P %
u= [6e,c O]

LOR Controller x(x) = ii(r) — K(x — X(r))

Desired Climb
operating conditions

Victor Freire
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Example: Safety Filter for F-16

B O FOS S B ] F-16 Pitch Dynamics p
;:ES/ ® Crse Y = [8 9 Doy 68 6}(] / 4
é/ ““““ ““““ l I ‘ u = [6e,c 5f,c]

LOR Controller x(x) = ii(r) — K(x — X(r))

{/ Control surface deflection limits
e e e e e e e [6e] <25 deg, |64 <20 deg

Victor Freire
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Example: Safety Filter for F-16

~ F-16 Pitch Dynamics

Nominal

LOR Controller x(x) = ii(r) — K(x — X(r))
Saturated LQR u = Sat(lc(x))

Control surface deflection limits
0.] <25 deg, |6¢| <20 deg

L
0.9

Victor Freire
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Example: Safety Filter for F-16

ominal

ruise

~ F-16 Pitch Dynamics

x=[0 0 ayp 6. Of]

| u = [6e,c 5f,c]

LOR Controller x(x) = ii(r) — K(x — X(r))

Saturated LQR u = Sat(lc(x))

Pitch pointing constraint

|| <25 deg

Control surface deflection limits

L
0.9

0.] <25 deg, |6¢| <20 deg

Victor Freire
Slide 81



Example: Safety Filter for F-16

.. F-16 Pitch Dynamics
ated 8 6‘ aw 68 6}(] > y i

LOR Controller x(x) = ii(r) — K(x — X(r))
Saturated LQR #u = Sat(K(x))

Saturation is not good enough.
Let’s try CBFs

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (elevator) F-16 Pitch Dynamics , f

x=[0 0 ayp 6. Of]
u:[ée,c 5f,c]

25 deg > e

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (elevator)

Elevator constraint: h(x) =25—- 6, >0

F-16 Pitch Dynamics
x=[0 0 ayp 6. Of] ‘
u=[0c Ofc]

n

e

25 deg >

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (elevator) F-16 Pitch Dynamics , f

Elevator constraint: h(x) =25—-06, >0 |* = [8 0 aw O 6f]
Differentiate: g—z = [O 0 0 -1 0] u = [(5e,c 5f,c]

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (elevator)

Elevator constraint: h(x) =25—- 6, > 0

Differentiate: g—z = [O 0 0 -1 O]
Compute: hix,u) = Lrh(x)+ Loh(x)u
Lrh(x) = a—hAx
8h
Loh(x)u = aBu

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

F-16 Pitch Dynamics
=0 0 ayn 6. Of]

u = [63,0 5f,C:|
flx)=Ax g(x) =
0 1 0
0 -0.87 4322
A=10 099 -1.34
0 0 0
10 0 0

0
—17.25
—-0.17
—-20
0

0
-1.58
-0.25
0
—20 |

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (elevator) F-16 Pitch Dynamics f

Elevator constraint: h(x) =25—-06, >0 |* = [8 0 aw O 6f]
Differentiate: g—z = [O 0 0 -1 0] u = [(5e,c 5f,c]

Compute: hix,u) = Leh(x)+Leh(x)u |f(x)=Ax g(x)=8B

oh
Lrh(x) = $Ax = 2006, 0 1 0 0 0 - 0 0
oh 0 —-0.87 4322 -17.25 -1.58 0 0
Loh(x)u = =—Bu = 200, A=1[0 099 -134 -0.17 -025| B=|0 O
dx 0 0 0  -20 0 20 0
0 0 0 0 20 | 0 20|

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (elevator) F-16 Pitch Dynamics f

Elevator constraint: h(x) =25—-06, >0 |* = [8 0 aw O 6f]

Differentiate: 22 = [0 0 0 -1 0] [u=[0cc Of,c]

Compute: h(x, u) = 20(6, — ¢ c) f(x)=Ax g(x)=B
[0 1 0 0 0 0 O
0 -0.87 4322 -17.25 -1.58 0O O
A=10 099 -134 -0.17 -025| B=|(0 O
0 0 0 —20 0 20 0
10 0 0 0 -20 | 0 20

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (elevator) | F-16 Pitch Dynamics
Elevator constraint: h(x) =25-6, >0 |* = [8 0 aw O 6f]
Differentiate: g—z = [0 0 0 -1 0] u = [(5e,c 5f,c]
Compute: hix,u) =20(5, — Oc c)
Enforce: h(x,u) > —a(h(x))

min ||lu — 1<(x)||2
ueR2

S.t. ‘20(63 — 68,(3)’2 _0(‘(25 _ 68),
| |

hix,u) h(x)

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (elevator) |F-16 Pitdf Dynamics
Elevator constraint: h(x) =25 -6, >0 |* = [8 0 aw o 6f]
Differentiate: g—z = [0 0 0 -1 0] u = [(5e,c 5f,c]
Compute: h(x,u) = 20(5, — O )
Enforce: h(x,u) > —a(h(x))
Tune: a > 0

min |ju — x(x)|?
Safety ----------—---—-emm - Performance ueR?

a =01 a =100 s.t. 20(0 = be,c) 2 —a(25 = )
Y |

hix,u) h(x)

This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

______ ___ F-16 Pitch Dynamics
/7(\ i x=[0 0 ay 6. Of]

= [0cc Ofc]

Angle of attack

w

(1) (deg)
So = N w b O o ~

N
o

N E] LOR Controller x(x) = ii(r) — K(x — x(r))
evator
Saturated LQR #u = Sat(K(x))

)
S
T

(
AN
o o

] | i
N
o

Flaperon

I I I ! I I I \ |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Victor Freire
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Example: Safety Filter for F-16

ar(t) (deg)

g)

a,(1) (de;

O = N W B2 o o
1 I I I | 1

b A SN oW
o (=] o o o
¥ T

F-16 Pitch Dynamics
6 0 ap O Of

min ||lu — 1<(9c)||2
ueR?2

S.t. 20(63 _ 63’,5’) Z _30(25 _ 63)

Victor Freire
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Example: Safety Filter for F-16

ar(t) (deg)

g)

a,(1) (de;

O = N W B2 o o
1 I I I | 1

b A SN oW
o (=] o o o
¥ T

______ F-16 Pitch Dynamics
OO [0 0 aw o o] e

min |lu — x(x)]|]?
ucR?2
s.t. 20(8, — Oec) > —30(25 — &)
20065 = 6,c) 2 =30(20 — O ¢)

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics
x=10 0 aw O Of| G

u = [6e,c 5f,c]

4 deg > ay,

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics ,

Stall constraint: h(x) =4 — a, >0 = [8 0 aw O (Sf]
u=[0cc Ofc]

4 deg > ay,

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics ,

Stall constraint: h(x) =4 — a, >0 = [8 0 aw O (Sf]
Differentiate: g—z = [O 0 -1 O 0] u = [(5e,c 5f,c]

Victor Freire

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.
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Example: Safety Filter for F-16

Naive CBF Design (alpha)

Stall Constramt h(x) 4 -y >0

Differentiate: $- [O 0 -1 0 0]
Compute: h(x u) Lrh(x)+ Loh(x)u
Lih(x) = a—hAx

Loh(x) = ah

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

F-16 Pitch Dynamics
=0 0 ayn 6. Of]

u=[0ec O]
flx)=Ax g(x)=
0 1 0
0 -0.87 43.22
A=1[0 099 -1.34
0 0 0
10 0 0

0
—17.25
—-0.17
—-20
0

) -
~1.58
~0.25
0
-20 |

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha)

Stall Constramt h(x) 4 -y >0

Differentiate: $- [O 0 -1 0 0]
Compute: h(x u) Lrh(x)+ Loh(x)u
Lih(x) = a—hAx

Loh(x) = ah

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

F-16 Pitch Dynamics
=0 0 ayn 6. Of]

u=[0ec O]
flx)=Ax g(x)=
0 1 0
0 -0.87 43.22
A=1[0 099 -1.34
0 0 0
10 0 0

0
—17.25
—-0.17
—-20
0

) -
~1.58
~0.25
0
-20 |

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha)
Stall Constramt h(x) 4 -y >0
Differentiate: $- [O 0 -1 0 0]
Compute: h(x u) Lrh(x)+ Loh(x)u

Lih(x) = a—hAx

Loh(x) = ah =[0 0]

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

F-16 Pitch Dynamics
=0 0 ayn 6. Of]

u=[0ec O]
flx)=Ax g(x)=
0 1 0
0 -0.87 43.22
A=1[0 099 -1.34
0 0 0
10 0 0

0
—17.25
—-0.17
—-20
0

) -
~1.58
~0.25
0
-20 |

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha)

Stall constraint: h(x)
Differentiate: g—z = [O

Compute: h(x,u) = Leh(x)
Lih(x) = —Ax
= —6 +1.3ay +0.20, + 0.30¢

F-16 Pitch Dynamics
=0 0 ayn 6. Of]

u = [(53,6 5f,c]

flx)=Ax g(x) =

N

Relative degree > 1

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha)

Stall Constramt h(x) 4 -y >0

Differentiate: $- [O 0 -1 O 0]
Compute: h(x u) Lrh(x) + Lo {x)u
Lih(x) = a—hAx

F-16 Pitch Dynamics
=0 0 ayn 6. Of]

U =

f(x)

[6c,c Of.c]
=Ax g(x)=

ah ;
Loh(x) = Lost Control Authority

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — a, >0 = [8 0 aw O 6f]
Differentiate: g—z = [O 0 -1 O 0] u = [(5e,c 5f,c]

Compute: hi(x X)
EnforcexLsh(x) > —a(h(x))

Lost Control Authority

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay >0 = [8 0 aw O (Sf]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 |@SReZoIzsT/ 1N @Iy Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hi(x) = Lh(x) + a(h(x)) =0

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hi(x) = Lh(x) + a(h(x)) =0

- - . dhy _ ok
Differentiate: 5 = 9°(A + al;)

dh

/'\This procedure yields candidate CBFs. ox [0 0 -1 0 0]

e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics
Stall constraint: h(x) =4 — ay, > 0 X = [9 0 ay O (Sf] N O

Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|
Treat as new constraint... f(x)=Ax g(x)=B
Define: hi(x) = Lh(x) + a(h(x)) =0
Differentiate: % = g—Z(A + aly) 0 1 0 0 0 ] 0 0
T _ 0 -0.87 43.22 -17.25 -1.58 0 O
Compute: fn(x,u)=Lem(X)+Lemx)u |, _ 1o 050 134 017 —-025| B=|0 o
0 0 0 —-20 0 20 O
0 0 0 0 —20 | 0 20]
dh _ _
' This procedure yields candidate CBFs. ox [0 0 10 0]
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw O 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint... f(x)=Ax g(x)=B
Define: hi(x) = Lyh(x) + a(h(x)) >0

Differentiate: %—I? = %(A + aly) 0 1 0 0 0 ] 0 0
T _ 0 -0.87 4322 -1725 -1.58 0 O
ompute: hl(g;q”)_Lf mE)+FLemGu | 1o 090 131 017 —025| B=|0 o0
1 0 0 0 -20 0 20 0
Lohi(x) = =B
ghilx) = 2= o o0 0 0  -20 0 20
h _ _
| This procedure yields candidate CBFs. ox [0 0 10 0]
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics
Stall constraint: h(x) =4 —ay, >0 x=[0 0 ayp 6. Of] A~

Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|
Treat as new constraint... f(x)=Ax g(x)=B
Define: hi(x) = Lyh(x) + a(h(x)) >0
Differentiate: %—I? = %(A +aly) 0 1 0 0 0 ] 0 0
T = 0 -0.87 43.22 -17.25 -1.58 0 O
SO hl(g;q”)_Lg;l(xHLf M| |0 099 -134 -017 -025| B=|0 o0
_ G, e 0 0 0 -20 0 20 0
oh _ _
' This procedure yields candidate CBFs. ox [0 0 10 0]
. They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha)

Stall constraint: h(x) =4 — ay, >0
Enforce: Leh(x) > —a(h(x))

Treat as new constraint...

Define: hi(x) = Lyh(x) + a(h(x)) >0

dh
ol = %(A +al,)

Compute: hi(x, u) =Lshy(x)+Lghi(x)u
dh dh dh
Lehi(x) = 1

Differentiate:

xB = aAB + 0(58

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016

F-16 Pitch Dynamics
x=[0 0 ayp 6. Of]
u=[dec Ofc]
f(x)=Ax g(x)=B

[0 1 0 0 0 ]
0 -0.87 43.22 -17.25 -1.58
A=10 099 -134 -0.17 -0.25
0 0 0 —-20 0
0 0 0 0 —20 |

=10 0 -1 0

0)

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha)

Stall constraint: h(x) =4 — ay, >0
Enforce: Leh(x) > —a(h(x))

Treat as new constraint...

Define: hi(x) = Lyh(x) + a(h(x)) >0

dh
ol = %(A +al,)

Compute: hi(x, u) =Lshy(x)+Lghi(x)u
dh dh dh
Lehi(x) = 1

Differentiate:

ox BT g ABTag B

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016

F-16 Pitch Dynamics
x=[0 0 ayp 6. Of]
u=[dec Ofc]
f(x)=Ax g(x)=B

[0 1 0 0 0 ]
0 -0.87 43.22 -17.25 -1.58
A=10 099 -134 -0.17 -0.25
0 0 0 —-20 0
0 0 0 0 —20 |

=10 0 -1 0

0)

Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]

Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hi(x) = Lyh(x) + a(h(x)) >0

Differentiat.e: %—I? = %(A + aly)

Compute: hi(x, u)=Lghi(x)+L¢hi(x)u
dh1 ~

Lehi(x) = 5 7B = |34 5.0]——= Rocovered Control Authority

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire

Slide 111



Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hq(x) = Lyh(x) + a(h(x)) >0

Differentiate: % = g—Z(A + aly) . 2
Compute: hiy(x, u)=Lsh1(x)+Lghi(x)u weR? e = wel)
Enforce: hi(x,u) > —Odl(hl(x)) S.t. hl(x, u) > —Odl(hl(x))

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hq(x) = Lyh(x) + a(h(x)) >0

Differentiate: % = g—Z(A +aly) . X
Compute: hl(x, u) :thl(X)+Lgh1(x)u 2@1@1} I = x @l
Enforce: hy(x,u) > —aq(h(x)) s.t. Agpu < bop(x)

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hq(x) = Lyh(x) + a(h(x)) >0

Differentiate: % = g—Z(A +aly) . X
Compute: hl(x, u) :thl(X)+Lgh1(x)u 2@1@1} I = x @l
Enforce: hy(x,u) > —aq(h(x)) s.t. Agpu < bop(x)

Agp = —L¢hi(x) = —[3.4 5.0]

' This procedure yields candidate CBFs.
e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics ,

Stall constraint: h(x) =4 — ay, >0 = [8 0 aw o 6f]
Enforce: Leh(x) > —a(h(x)) u=[0cc Ofc|

Treat as new constraint...

Define: hq(x) = Lyh(x) + a(h(x)) >0

Differentiate: % = g—Z(A +aly) . X
Compute: hl(x, u) :thl(X)+Lgh1(x)u 2@1@1} I = x @l
Enforce: hy(x,u) > —aq(h(x)) s.t. Agpu < bop(x)

Agp = —L¢hi(x) = —[3.4 5.0]
/'\ This procedure yields candidate CBFs. bop(x) = (a + 061)3—3’?/196 +aarh(x) + g_ZAzx

e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire

Slide 115



Example: Safety Filter for F-16

Naive CBF Design (alpha) F-16 Pitch Dynamics
Stall constraint: h(x) =4 — ay >0 X = [9 0 ay O (Sf] =

Enforce: Lsh(x) > —a(h(x)) =00 Opc P e,
Treat as new constraint... V  udl /’1’ :
Define: hq(x) = Lyh(x) + a(h(x)) >0

Differentiate: % = g—Z(A + aly) . , | Roots of polynomial,
Compute: h1y(x,u)= Lrhi(x)+Lghi(x)u Eg} [ = x(x)] eigenvalues (2x2)
Enforce: hy(x,u) > —aq(h1(x)) st. Agpu < bop(x)

Tune: o, a1 > 0
Agp = —L¢hi(x) = —[3.4 5.0]

/'\ This procedure yields candidate CBFs. bop(x) =|(a + 061)3—,’?/196 Haalh(x) + %Azx

e \ They provide no safety guarantees.

% Nguyen, Sreenath, ACC 2016 Victor Freire
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Example: Safety Filter for F-16

il F-16 Pitch Dynamics
x=[0 0 ay 6 O e =t
i u=10 O

i a1 =50 a = 600 (e O]

- min [lu - x ()P
B N ucR?

20(5f — (Sf,c) > —30(20 — 5f)
h(x, 1) 2 —ap (hi(x))

-
(=

] | i
N
o

:so { f { { ? _ | { _ ‘ masek 3.5 ms solvetime

Victor Freire
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Example: Safety Filter for F-16

il F-16 Pitch Dynamics
gi X = [8 Q Ay Op 6f] Y
”% u = [6e,c 6f,c]

-
(=

] | i
N
o

. | | | | | | | | | | ' This procedure yields candidate CBFs.
S  \ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

il F-16 Pitch Dynamics
gi X = [8 Q Ay Op 6f] Y
”% u = [6e,c 6f,c]

)
S
T

(
o

Cruise: 6 =2, y =0

l Goal

Climb: 6 =9, y = 6.5

. | | | | | | | | | | ' This procedure yields candidate CBFs.
S  \ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

il F-16 Pitch Dynamics
gi X = [8 Q Ay Op 6f] Y
”% u = [6e,c 6f,c]

)
S
T

(
o

Cruise: 6 =2, y =0

l Goal

Climb: 6 =9, y = 6.5

. | | | | | | | | | | ' This procedure yields candidate CBFs.
S  \ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

______ . [F-16 Pitch Dynamics
- x =10 0 ayp O, 5f] ”

Descent: 6 = -3, y = -2

:l.lGoal
o K Climb: 6 =9, y = 6.5

o [ [ [ [ [ [ [ [ ] (\ This procedure yields candidate CBFs.
CooN e R  \ They provide no safety guarantees.

Victor Freire

S(t) (deg)
o
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Example: Safety Filter for F-16

F-16 Pitch Dynamics
: ole —x:[e Q Ay 68 6f] ¢ g
u=[0c Ofc]

Descent: 6 = -3, y = -2

:l.lGoal
oz K Climb: 6 =9, y = 6.5

o [ [ [ [ [ [ [ [ ] (\ This procedure yields candidate CBFs.
CooN e R  \ They provide no safety guarantees.

Victor Freire

S(t) (deg)
o
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Example: Safety Filter for F-16

(1) (deg)

F-16 Pitch Dynamics

S x =10 0 ap e Of]
u:[ée,c 5f,c]

min |jlu — 1<(x)||2
ucR2

s.t. 20(8e = Oec) = —30(25 = 8¢
20(5 7 — 6f¢) = ~30(20 — 5 ¢)

Infeasible

Nz K h(x, u) > —aq (h(x))

This procedure yields candidate CBFs.

°© 01 020304 05 06 07 08 08 /-\ They provide no safety guarantees.

Victor Freire
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Example: Safety Filter for F-16

F-16 Pitch Dynamics
.ole—x:[e O a, O, (5f]
u=[0c Ofc]

min |jlu — 1<(x)||2
ucR2

s.t. 20(8e = Oec) = —30(25 = 8¢
20(5 7 — 6f¢) = ~30(20 — 5 ¢)

Y K m(x,u) 2 —a1 (%) | Infeasible

N Can be fixed by tuning «

(1) (deg)
o

Victor Freire
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Example: Safety Filter for F-16

______ F-16 Pitch Dynamics
—ime x=[0 0 ay 6 Of A o

5 u = [6e,c 5f,c]

min |jlu — 1<(x)||2
ucR2

20(5¢ = 85,c) = —30(20 - 5¢)

Y K m(x,u) 2 —a1 (%) | Infeasible
: a = 30

I e Can be fixed by tuning «, bad performance

(1) (deg)
o

Victor Freire
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Index

¢ Introduction

“* Workshop Timeline

“* Safety and Invariance

** Control Barrier Functions

“* CBF-based Safety Filter

“* Example: Safety Filter for F-16
<* My Work: DSMs are CBFs
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My Work: DSMs are CBFs

Safety Filters

Family of constrained controllers that use a two-step approach:
1. Design a control law for the Unconstrained system,
2. Introduce an Add-on unit for constraint enforcement.

*  Control Barrier Function: Filter nominal controller

n Nominal Up 1 x
Controller | CBE System -

\ 4

Victor Freire
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My Work: DSMs are CBFs

Safety Filters

Family of constrained controllers that use a two-step approach:
1. Design a control law for the Unconstrained system,
2. Introduce an Add-on unit for constraint enforcement.

e  Control Barrier Function: Filter nominal controller
e Reference Governor: Filter nominal reference

n r Nominal Un Svstemn X
Controller y

=
O

Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics
6 0 ap O Of

Descent: 6 = -3, y = -2

l Goal

Climb: 6 =9, y =6.5

Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics
- x=[0 0 an 6. Of] *
u=[0c Ofc]

Descent: 6 = -3, y = -2
l Intermediary Goal
Milder Descent: 0 = -1, v = -1

LQR Controller x(x) = ii(v) — K(x — x(v))

Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics

- x=[0 0 ay 6. Of]

u=[0cc Ofc]

Descent: 6 = -3, y = -2

l Intermediary Goal

Milder Descent: 0 = -1, v = -1

LQR Controller x(x) = ii(v) — K(x — x(v))

Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics

- x=[0 0 ay 6. Of]

u=[0cc Ofc]

Dynamic Safety Margin (DSM)

Alx,0) = inf h(D(t,0))

1€[0,00)

LQR Controller x(x) = ii(v) — K(x — x(v))

Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics
- x=[0 0 an 6. Of] "
u=[0c Ofc]

Dynamic Safety Margin (DSM)

Alx,0) = inf h(D(t,0))

1€[0,00)

Theorem: DSMs are CBFs
If A is a DSM, then it is a CBF for an

-

| | | ' T
PO _ augmented system [x v] . Y

Freire, Nicotra, TAC 2026 Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics
x::[Q 0 Ay Op 6f] < #
u=[0c Ofc]

min |jlu — K(x)ll2
ueR?

s.t. Ai(x,v,u)> —a1(A1(x, b))
Ao(x,v,u) > —as(As(x, b))
As(x,v,u) > —a3(As(x, b))

Freire, Nicotra, TAC 2026 Victor Freire
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My Work: DSMs are CBFs

Candidate CBF
DSM-CBF
Descent

o F-16 Pitch Dynamics
k X = [8 0 ap O, (Sf] < g
u = [6e,c 5f,C]

min |jlu — K(x)ll2

0,(1) (deg)

s.t. Ai(x,v,u)> —a1(A1(x, b))
Ao(x,v,u) > —as(As(x, b))

o K\ A o,w) 2 —as (Aol B)
For DSM-CBF: 16 ms solvetime

S mosek

-30 | | | | | | | | | o R
0 0.1 02 03 0.4 05 06 0.7 0.8 0.9 1 Cundidate CBF 35 ms SOlvetlme

Freire, Nicotra, TAC 2026 Victor Freire
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My Work: DSMs are CBFs

F-16 Pitch Dynamics
X = [8 9 Xw 63 6]‘"] | :
u=[0c Ofc]

a, (1) (deg)

Cruise: 6 =2, y =0

l Goal

Climb: 6 =9, y = 6.5

8,(1) (deg)

d¢(t) (deg)

DSM-CBEF: 16 ms solvetime

maosek

-30 1 | | 1 | 1 | 1 | | o .
o o1 0z o3 04 05 06 o7 08 03 Candidate CBF: 3.5 ms solvetime

Freire, Nicotra, TAC 2026 Victor Freire
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